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I. FUNDAMENTAL SCIENCE
SOME PROPERTIES OF REMOVABLE SINGULAR SETS OF 
SUBHARMONIC FUNCTIONS
Sh.Sh.Shopulatov
Institute of Mathematics, Uzbekistan Academy of Sciences
shomurod_shopulatov@mail.ru
Abstract
The purpose of this paper is to show some properties of ,S S - singular removable sets to subharmonic functions.
Keywords: subharmonic functions, removable singular sets, generalised Laplace operator.
In the theory of subharmonic functions the expression of 
Blaschke [1]
( ) ( )0 0
22
,
,
u
n
x r u x
ðr
−M
             (1)
where ( )0 ,u x rM  denotes the integral mean of a giv-
en function u  on the sphere with radius r  and center 0x , 
plays an analogous role to that of the expression
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for convex functions. For instance, in order that an upper 
semi-continuous function : [ , ),u D → −∞ ∞  should be 
subharmonic in domain , 2nD n⊂ ≥ , it is necessary 
and sufficient that the upper limit of (1) as 0r →  should 
be non-negative at any point 
0x  in D  [2]. The same theo-
rem [3] holds for the operator introduced by Privalov
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where ( )0 ,u x rN  denotes the integral mean of u  
over the ball with radius r  and center 0x . S.Saks [4] proved 
that for any subharmonic function u  the limits (1) and (2), 
as 0r → , exist, and are equal, almost everywhere. This 
may be considered as an extension of the known fact that any 
convex function has almost everywhere the second gener-
alised derivative of Schwarz (second symmetrical deriva-
tive). I.Privalov showed that the condition of subharmonici-
ty can be weakened. He got more deeper result with excep-
tional set E  [5]. Pokrovskii [7] showed that the well-known 
Blaschke-Privalov local condition for a subharmonic func-
tion ( )u x  in a domain nD ⊂  , in terms of ball means, 
can be replaced on some subsets of D  by another a priori 
more weak local conditions of the same type. In [8] we de-
fined the singular sets ,S S  and proved the generalisation 
of Privalov’s theorem.
The purpose of this paper is to show some properties of 
,S S - singular removable sets to subharmonic functions.
Note that, subharmonic function is summable, i.e. 
( ) ( )1locu x L D∈  and its Laplace operator Ä 0u ≥  in 
the generalisation sense. Now we give the construction of 
the upper and the lower generalised Laplace operators [6]. 
Let ( )u x  be an upper semi-continuous function in a do-
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main nD ⊂   and ( )u x ≡ −∞ . We define 
( ) ( )
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0
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, n
n S x r
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r
σ
σ−
= ∫M  as the mean u  over 
the sphere ( )0 ,S x r . If ( )u x  nonsummable on the 
( )0 ,S x r  we put ( )0 , :u x r = −∞M . For the point 
0 \x D u−∞∈ , where 
( ){ }: : ,u x D u x−∞ = ∈ = −∞  we define upper 
( )0u x∆  and lower ( )0u x∆  generalised Laplace oper-
ators of a function u  at the point 0x , constructed by the 
mean over the areas of spheres with following equalities:
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Remark. This kind of construction can also be imple-
mented by the mean of a function u  on the ball with a cen-
ter at the point 
0x  and a radius r .
Note, that the generalised Laplace operators 
( )u x∆  
and ( )u x∆  can equal to +∞  and −∞ . For example, a 
function ( )u z  of a complex variable z x iy= + , de-
fined as follows,
( )
1
, 0
0, 0 ,
, 0 0
if x
x
u z if z
if x and y
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is upper semi-continuous in 
( ), 0, 0,u r r= −∞ ∀ > M
( ) 20
00 4 lim
r
u
r→+
−∞ −
∆ = ⋅ = −∞ .
Extra properties of generalised Laplace operators can be 
found in [3,6,8].
Theorem (Blaschke-Privalov) [6]. If the function 
( ) ( ),u x u x ≡ −∞ , is upper semi-continuous in the 
domain nD ⊂   holds following inequality
( ) 00 \u x x D u−∞∆ ≥ ∀ ∈
then ( )u x  is subharmonic in D .
I.Privalov got more deeper result with exceptional set E
. Let nE ⊂   be a closed set.
Theorem (Privalov) [5]. If the function 
( ) ( ),u x u x ≡ −∞ , is upper semi-continuous in the 
domain nD ⊂   and holds the following conditions
( ) 00 [ \ ] \ , 0;u x x D u E mesE−∞∆ ≥ ∀ ∈ =
( ) 0u x x E∆ > −∞ ∀ ∈  except a polar set 
P E⊂ ,
then the function ( )u x  is subharmonic in D .
Corollary. If the function ( ) ( )u x C D∈  holds fol-
lowing conditions
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( ) ( ) 00 , [ \ ] \ , 0u x u x x D u E mesE−∞∆ ≤ ≤ ∆ ∀ ∈ =
( ) ( ) 0,u x u x x E∆ > −∞ ∆ < +∞ ∀ ∈
 except a polar set P E⊂ ,
then the function ( )u x  is harmonic in D .
Definition. An arbitrary set E  is called S  (singular), if 
there exists
( ) ( ) ( ):n Ex sh xν ν∈ ∆ = +∞ .
An arbitrary set E  is called S  (singular), if there exists
( ) ( ) ( ):n Ex sh xν ν∈ ∆ = +∞ .
Some properties of singular sets:
S - set is a S - set, i.e. S - sets S⊂ - sets.
Countable union of singular S - sets is singular S - set.
Finite union of S - sets is singular S - set.
Following theorem is the generalisation of Privalov theo-
rem [5] in terms of singular sets defined above.
Theorem [8]. Let a function ( ) ( ),u x u x ≡ −∞ , is 
upper semi-continuous in the domain 
nD ⊂   and 
0u∆ ≥  in [ \ ] \D u E−∞ . Then
a) if E S∈  and u∆ > −∞  on E , excluding a po-
lar set ( ) ( )P E u x sh D⊂ ⇒ ∈ .
b) if E S∈  and u∆ > −∞  on E , excluding a polar 
set ( ) ( )P E u x sh D⊂ ⇒ ∈ .
Let 
nE ⊂   be a closed set. The following theorem 
that connects S - set with a Lebesgue measure holds
Theorem. 0E S mesE∈ ⇔ = .
For an arbitrary set 
nE ⊂   the following theorem is 
true.
Theorem. E S E ∅∈ ⇒ =

.
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